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An Accurate Method for Evaluating the Overlap Term
in the Unresolved Region

Richard N. Hwang
Argonne HNational Laboratory, Argomne, Illinois 60439

ABSTRACT

An accurate and efficient method has been developed for
estimating the overlap effect due to the neighboring resonances
of the same spin sequence in the unresolved region. In con-
trast to the previously developed method, the new method is
capable of treating practically all energy regions of interest
in the fast reactor applications. The Dyson's correlation func-
tion is used to account for the proper correlation of levels.

In the numerical calculations, the exact Doppler-broadened line-
shape function is used. The method has been made economical for

routine calculations in the fast reactor applications.
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I. INTRODUCTION

Extensive studies on the role of the resonance overlap effect in
fast reactor calculations have been described in previous work.l’2 A
rather crude method was proposed for estimating the overlap effect of
neighboring resonances of the same sequence in the unresolved energy
region. This early method is believed to be reasonably accurate in the
energy region where resonances are strongly overlapping. However, it
becames questionable in the relatively low-energy region and for the
cases where the '"equivalent" potential scattering cross section becames
small. These are the situations that one must face in the analysis of
Doppler-effect experiments and of heterogeneity studies for critical
assemblies. The significance of the overlap effect on the temperature
dependence of the Doppler coefficient under meltdown conditions where
the extremely high temperature of the fuel pin may be accompanied by
spectrum hardening due to the loss of sodium must also be realized.
Under this condition, even the well-separated 238U rescnances become
strongly overlapping. The accurate estimation of the overlap effect is,
therefore, important in fast reactor safety studies. Some preliminary
results concerning this problem have been given in previous work. 3 Hence,
an accurate estimation of the overlap effect is desirable.

The purpose of this report is to describe a newly developed method
for estimating the overlap effect due to resonances of the same spin
sequence in the unresolved energy region. Improvement on the earlier
methocll’2 has been made in three general areas. First of all, the exact
Doppler-broadened line-shape function y(o,x) is used instead of the

approximate Gaussian form used previously. Secondly, the new method is
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made applicable even in the relatively low-energy region and for cases
where the equivalent scattering cross sections per absorbing atoms c;q
is small. The assumption that [y(6,x)/8]<< 1 used in the previous method
has been avoided. This assumption obviously breaks down whenever
[y(6,0)/8] < 0. Finally, the Dyson's correlation function® for levels
is used instead of the rather crude approximation used in the previous
wor‘k.l’2 The use of the approximate correlation function described pre-
viously was found to underestimate the overlap effect in the high-energy
r~egion.5

The analytical and numerical foundations of the proposed method are
described in detail from Section II through Section V. In order to test
and evaluate the merits of the proposed method, a code has been developed.
Section VI describes the CHOPSUEY code and its computing time required
for calculations of practical interest. The listing of relevant subrou-

tines are also given.

II. FORMULATION OF THE OVERLAP TERM

If the NR-approximation and the "nearest neighbor" appn)ximationl’2
are assumed, the overlap term for a given process x due to the resonances

of the same sequence can be written as

s (1)

> o Z oy b,
5 1 xk J a(8) gg__[ k B b B

(o) e TR T T

x=® 9

k and k~

where Ak’ is the ratio of the peak cross section of resonance k” with

respect to a given resonance k and (D) is the average level spacing.
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The brackets ( ) indicate the statistical average over the distribution

functions of the resonance parameters of both k-th and k“-th resonances.

The correlation function Q(é) is the probability that any k“-th resonance
will be found at a distance of 6§ = E -E_. froma given resonance k.

For our purpose, Q(8) is taken to be Dyson's two-level correlation

func‘tion.”’5
ay) = 1- (s} + B g5y 2
dy
where
1| ESR=SE 2
D

Ei“_I.Y_J_ )

¥

s(y)

and the sine integral si(y) is defined as
sily) = - J AL g (5)

Equation (1) involves multiple integrals. A direct numerical
approach is believed to be extremely time-consuming, if at all practical,
for routine design calculations. Equation (1) can be simplified con-
siderably by series expansion.

Note that the integral can be expressed as

k

{ Vi Ay [w Yk S A

dx =
2
 Bie Tl Bt H A - A R -]

(6)

+ - .
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provided the resulting integrals are uniformly convergent.

tution of Eq. (6) into Eq. (1) gives

Ox = KI_K2+...’

where

K, = Z]I;—>2-<FXkJ>k<rk‘J>k‘ SRR

N
5 '<D>J_,,w<n> | & <2 ; +wk>< ,+w> P

Ko = g

1 < rk‘ e
- — (1 > —o0
(p¥e) B 0w B 3y

eq
P

TR

% 2
S [ Y

28, ] . B+ ¥y

L T

ke

_LZ)

P

9 wk‘

The substi-

(7)

(8)

(9a)

(10)

eq

90
p S *H

(11)

(12)
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90

and

w[—‘s—] = s Q[—é——] ; aw
(D) (D)

For cases of practical interest, the series in Eq. (7) is uniformly
convergent on physical grounds. In contrast to the series expansion used
in the previous work, it is clear that the terms in Eq. (7) will converge
more rapidly even in the relatively low-energy region. In the region
where the previous series expansion is valid, Eq. (7) is equivalent to
the inclusion of many terms in the previous expression. In the high-energy
region, both expressions became identical. The rapidity of convergence
of Eq. (7) depends on the degree of the self-shielding effect of the
given isotope and the ratio of the average level spacing and the Doppler
width in the energy region under consideration. Note that <rx)> defined
in Eq. (12) represents the degree of self-shielding effect and is propor-

tional to 1 - S where s is the self-shielding factor

Gt/ G/

In fact, for practically all problems of interest in the unresolved region,

the self-shielding effect is relatively small and <Txk> is generally much
smaller than <rka>k . From Egs. (8), (10), and (13), it is obvious that
Ky >> K, if the self-shielding effect is relatively weak. A similar argu-
ment can be made to show that the higher-order terms are also small. It

is generally true that the rescnance sequence with large average spacing
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will tend to have a stronger self-shielding effect in the low-energy
region. It will be shown in a later section that one seldom needs to
retain the higher-order terms beyond K, and all K terms become identi-
cally zero when the average spacing (D) becomes much larger than the
corresponding Doppler width and the average total width.

Since the J-integral and other related integrals can be readily
evaluated using the algorithm proposed previously,6 the main task here
is to evaluate the integral L,. Once L; is known, L, can be evaluated

quite readily as one will see.

IIT. EVALUATION OF L;

L, defined in Eq. (9) is still too complicated and a direct numeri-
cal approach will undoubtedly require excessive computing time. Further-
more, W(8/({D)) involves oscillatory functions which are highly undesira-
ble for quadrature formulas. The problem can be resolved by the use of

the Fourier transform technique.

A. Technique of Fourier Transform

Define a function Pk(g) such that

L 1€xy
v, e ]
P(5) = X X = F{——1 . (15)
/2_7‘ B}\‘ + \11}\ 8}\ + W}\

The Fourier transform of W(8/{D)), say w(&), isu’5
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9
w(g) = ﬁEZ <1~ §2Z£ + £225 enl1 + ﬁPké 3 ngé <1
V2r m 2m m 2w
\
D ), (g, | e + 1| A (o) , 5 . (16)
/o } 2 |(Dye/n] -1_| 2

From the convolution theorem and the Parseval theorem,7 it can be

shown quite readily that

5 r I Fo
L, = —2 /2m we) (1P £ e e | X de . an
XDy2 |- % |2 b\ 2 2 JA-

Note that the quantities inside the brackets are the statistically

averaged values over the appropriate distribution functions of resonance
paraneters. The same subscript can be used for the two averaged
quantities.

It is interesting to note that Pk(ﬁ) is the unique solution of the

following integral equation

4 NNy el _p2ga2
B P (E) + % J e (6-0)2/0k - |e-t] P(t) at = /w72 &= /% lel | e

where the function on the right-hand side is simply the Fourier transform
of the y-function as described in Ref. 8.
Before attempting to solve these integral equations, it is important

to realize same analytical characteristics of Pk(rk5/2). First of all,
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Pk[rkg/z) is an even function so that Pk(r‘kg/2) = P [-rkg/z]. Secondly,

in the limit of large B> Pk[I‘k.i/Z) approaches asyptotically to

where A is the
large campared

approaches

lle

(19)

2 r
/i72 exp[-A—Ez-z—kIH] B
m

Doppler width. Thirdly, in another extreme where I'} is

to A, y becomes Lorentzian. As a result, Pk[[‘kg/Z]

/T2 r
n/ |- k

sk[ek + 1]

s (20)

lle

according to Lq. (15). Of particular academic interest is the fact that

Eq. (20) yields

2 .
4t wk—\l R IR O )
4{D) ek(sk + 1] \[ek,[sk, + 1] z z
- Ei(-2) {cosh z - E—“h-—Z] , (20a)
< Kek
where - Ei(-z) is the exponential integral, and
B +1
e e T e AR (20b)
(D) ..

It follows that
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1L

i h % i

‘+(D)2 v _\Jsk(sk £ l] rk“\j Bk‘[Bk‘ + 1] %(Z) G ’ $anes

g for the correction

where ¢,(z) is identical to that derived by Moldauer
term of the fluctuation in the reaction cross section based on a campletely
different physical argument. This signifies the strong analogy between
these overlap correction terms.

The characteristics defined by Eq. (19) and Eq. (20) provide some
clues on how <1“kak[l‘k.£/2]> and <(Fk/2]Pk {Fk£/2]> vary as functions of .
This information is extremely important in the subsequent construction
of quadrature formulas.

With proper normalization, Egs. (17) and (18) can be evaluated quite

readily using Gauss-Hermite quadratures. Define a new variable
= g (21)

where o is set to be

"\’((_D\/n)z + (82/2) + y2

a

and

(22)

Equation (17) becames
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g2
N I'n
o 1k o)
r T, n.
R )ZORT
where
—Azn%
By = ==l

o) - w205

1
a = (25a)

N! /n_ _(2N)
= el B (y) (—= <y < =) (25b)
T Fan:
and n; is the i-th zero of the Hermite polynomial Hn(n) and f(Qn)(y) is

the 2n-th derivatives of the integrand. Here, the purpose of changing
the variable is to ensure that the integrand varies slowly as a function
of n in order to make the Gauss-Hermite quadrature highly efficient
regardless what values of (D), 4, T, or 8 are. Similarly, the inte-
gral in Eq. (18) can be replaced by the Gauss-Hermite quadrature so that

the resulting equation assumes a matrix equation of the form

AP = B . (26)
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By normalizing each row of the matrix element of A to its diagonal element,

one has
aj T
sl = == . )P — n.n. - — - N,
i * e ["3)7x == AR L e ||/ Mo
for i £ 3 (27)
and
Aij = il for 1w & (27a)
where
N = g n . B + _airk . n (28)
0 2[ i} k b g3[ i]

e OIRET 29)

0q
w
—_—
=3
e
Sy
n

==

n.
it

r
Vn/2 exp-—k
2

o]
(e
1"

N, - (30)

Hence, the quantities P {I‘kni/Za) needed for Eq. (23) are just the solu-
tion of a system of N equations. An efficient matrix inversion routine
is needed for this purpose. The matrix A can be further simplified by
partition utilizing the symmetric properties of P, . The detailed dis-

cussion will be given in the next section. It should be noted that the

normalization of the matrix proposed here is extremely important from a
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numerical point of view. This ensures that the coefficients of each
linear equation will not have vanishingly small magnitudes simultaneously.

From Eq. (23) and Eq. (18), it is clear that the Gauss-Hermite
quadrature is most efficient and accurate when the Doppler width is
larger than or comparable to the average spacing and the average total
width. On the other hand, the Gauss-Hermite quadrature is less efficient
when A becaomes small. Under the latter condition, Pk [er/ 2) approaches
the exponential form defined by Eq. (20). From a practical point of
view, the proposed quadrature is highly desirable because it yields accu-
rate values for cases with large Doppler width where the relative impor-
tance of the overlap effect is high. For the cases with small Doppler
width where the overlap effect is less important, the accuracy of the
results is less critical. It was found that a 10-point Gauss-Hermite
quadrature is sufficient to give accurate results.

Since the matrix inversion of a relatively large matrix is generally
time consuming, it is, therefore, desirable to optimize the proposed

method to suit the routine application.

IV. ECONOMIZATION

The proposed method can be made more economical in two general
areas: (1) in the region where g, is much larger than w(ek,o] , the
matrix inversion can be avoided campletely; and (2) in the region where
the matrix inversion is necessary the matrix A can be partitioned into
four submatrices of the size N/2 x N/2 where N is chosen to be 10 or any

even number. The symmetry properties of Pk[l“kni/ 2(1} can be utilized.
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B+ Y ek,O

)

k

1. Asymptotic Region 20205

As discussed previously,6 the quantity wk/ [Bk + wk] can be represented

by a uniformly convergent series

Uy i Febga) n k[o - wk]

v
: (31)
B t ¥ Bt P [Bk*"]

% o @

where the parameter p can be chosen so that the resulting integrals con-
verge rapidly. One way of choosing p is to set

p2 ax
[, %

J, b
0

q,[/f ek,o) . (31a)

N |

By substituting Eq. (3la) into Eq. (15), it can be shown quite readilys’8

that

r Pl 1 r
P[lg] n. alz epl=2 g2 = K g - ) (Bxte)+ -5 @D
4 2

where
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QE) = 1+ {p-UV[8 + p] (33)

U = 8/ exp[—Ll-A &l 4 —O-Jz Erfc[—]—LA Ly —e] i EXPﬂ Er‘f[A_]iL] 3. bdemi
27 22y w2 22 2 8 2/2

and Erfe(x) and Erf(x) are the complementary error function and error
function, respectively. These functions along with ¢(y,0) can be
evaluated by using the exceedingly efficient rational approximation as
suggested by Has‘cings.10

It is interesting to note that Eq. (3la) serves dual purposes. First

of all, it implies

Qk(O) = 1 (33b)

according to Eq. (33). Secondly, the magnitude of the next higher-order
term at £ = 0 assumes a minimum value as readily seen by differentiating
with respect to p. Since w(g) defined in Eq. (16) is a rapidly decreas-
ing function of ¢ and varies approximately exponentially

w(g) ?/L_)exp—(l)lcl 3 (33c)

2m
the choice of p in Eq. (3la) amounts to minimizing the error involved by
ignoring the next higher-order term and maximizing the range of validity
of Eq. (32) in evaluating L;. It was found by numerical experimentation

that the validity of Eq. (32) when used in evaluating L; can be extended

down to
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Approximately 75% of the s-wave and practically all of the p-wave
unresolved resonances of the fissile isotopes belong to the asymptotic
region. Since Eq. (32) avoids the use of the matrix inversion routine,
it represents a significant saving in computing time especially when the
fissile isotopes are considered. For fertile isotopes, the asymptotic
region for s-wave resonances is much smaller than that for fissile iso-
topes even though practically all p-wave resonances still belong to this
region. It should be noted that, in the absence of the fission-width
distribution, the computing time is generally negligible even if the

matrix inversion method is used for all mesh points.

2. Non-asymptotic Region

Outside the asymptotic region, accurate calculations can be made by
using the matrix inversion technique. Since all quantities inside the
summation sign of Eq. (23) are symmetric with respect to n; =0, only
N/2 terms are needed. However, the kernel that appears in Eq. (18) is
not symmetric with respect to the variable of integration. Hence, it is
still necessary to invert a N x N matrix even though only half of the vec-
tors Pk[ni] are needed in Eq. (23). The inversion of a matrix with rela-
tively large dimension generally requires an excessive amount of comput-
ing time. One way of minimizing the computing time required is to reduce
the size of the matrix analytically beforehand. This can be done quite
readily by partitioning the matrix A into four submatrices.

Assume the inverse A1 -E. 1t is clear that
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(R AL E E

= 11412 | (E11E12

AAT - } =1, (3w)
Ap1Az; \521}322)

where | is the identity matrix. Since the Gauss-Hermite weights and mesh

points can be arranged in such a way that
All = A22 (35)

A21 = AIZ (36)

it follows fram Eq. (34) that

Enn = |An - Ale;iAm]_l (37)
Eyg = -A7;A3E5, (38)
Ejpii=" Big (39)
Ex; = Epp - (40)

Hence, in the actual numerical calculation, only two N/2 x N/2 matrix in-
versions are necessary instead of a N x N matrix. Since the computing
time required for the matrix inversion approximately varies as the cube
of the dimension N, a considerable saving in computing time may be
achieved if the computing time for the additional matrix algebra in

Egs. (37) and (38) can be minimized. Once E;; and E;, are known, the

vector P is simply
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B)
B,

P = (}311512] S (41)
By
Further economization may be made on physical grounds. In the low-
energy region where the average spacing becomes much larger than the

Doppler width and the average natural width, w(g) in Eq. (17) approaches

a Dirac delta function and L, becomes

T
TR ME J> gy, (41a)
NN Sk

The quantity K; vanishes. Similarly, the higher-order terms will also

vanish. Hence, it is possible to set K = 0 whenever (D)/s and (D)/(F)
became larger than certain values. The proposed method was found to be
sufficiently fast that the latter condition for the limiting case is not

needed.

V. ESTIMATION OF L,

The second-order term L, can be estimated using the same technique

discussed previously. Equation (11) can be written as
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E !y
L, = - L vV2n w(g) (T yn/2 _p X
2<D)2 st Xk Bk k 2
T T
kipaleq)eed k
_2 Op dc(eq) Pk‘[2 5] de . (42)
P k-

It is interesting to note that the only unknown in Eq. (42) is the quantity
r
d k
———P|=c¢
dol()eq) k[Z ]

The latter quantity can be related to Pk {Fkg/ 2]. Let

T
piems . jieRend Shepludd) gl (43)
12 ao(eq)
p

Differentiating Eq. (18) with respect to o;eq)

and replacing the inte-
gral by the Gauss-Hermite quadrature, one obtains a matrix equation of the

form

AR V/NO ) (4y)

and

2 (L4u4a)

<
"
ol
o
B

where Pi is simply the solution of Eq. (26), and N, is the normalization

factor defined by Eq. (28). Hence,
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R = A'lV/No , (45)

where A™! has already been obtained in evaluating L;. Thus, the second-
order term can be obtained readily once the first-order term is known.

For the cases where the asymptotic formula is applicable, R is

simply
I 9 4 r 1+ 2E> = Uk(t:):l/[ﬁk + o]
Ble— €| & ¥7/2 expl- — g% - < |¢f * By s
2 4 2 (sk + 0]2
(46)

where Pk and U are defined in Eq. (32) and Eq. (33a).

The same technique, in principle, can be extended to even higher-
order terms. However, the evaluation of higher-order terms beyond the
second order is believed to be unnecessary on physical grounds. For
cases in the low-energy region where the self-shielding effect is large,
the average spacing is generally much larger than the corresponding
Doppler width and the natural width for all problems of practical
interest. Under such conditions, all K terms vanish as w(g) approaches

the Dirac §-function.

VI. CHOPSUEY CODE

In order to test and evaluate the merits of the proposed method, the
CHOPSUEY code has been developed. The code uses the input and output
: - < s ;
routines of the RP-270 code written by Rago 2 with modifications to allow

for both s- and p-wave resonances. Ten quadrature points were used for
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both the neutron width and the fission width distributions. The fast
J-integral routine developed r\:acem:ly6 was incorporated. The statisti-
cal averaging and the calculation of the overlap terms are performed in
the subroutine UNGRES and UNRES for the fissile and fertile isotopes,
respectively. The effective cross sections for both s- and p-wave con-
tributions are given separately in the output. In these subroutines, the

average quantities <I‘XJ>, (rdy, <I‘x f: [w/(B + )12 dx> and

<I‘ f: [y/(B + )12 dx> are calculated first. In the calculation of

P (Fki i/ 2] , the code examines whether the k-th mesh point belongs to the
asymptotic region or not. For the points that do not belong to the asymp-
totic region, a matrix inversion routine is called. The matrix inversion
routine was written by Garbow12 using the Jordan method. A FORTRAN list-
ing of the relevant subroutines are listed in the Appendix.

One of the great concerns is whether the proposed method is efficient
enough to be economical in routine applications. Test calculations have
been made for problems with 239Pu and 238U using ENDF/B parameters. For
fertile isotopes, computing time is generally negligible. The most
severe test is believed to be the case when 23%Pu is in high concentra-
tion. In the calculation of 23%Pu cross sections, not only the averaging
over the fission width distribution function is required, but also there
are as many as 30 energy points for all five spin sequences. Two cases
at room temperature were considered in the test calculations.

Case 1

239py;: a;eq) = 71.6/atm

238UI o(eq)
YT P

40 b/atm



s 1
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Case 2
239py: (%8 = 300 b/atm
P
238y o{®®) = 30 b/atm

T P

It should be noted that the calculations require much less tire at
higher temperatures as more entries to the asymptotic region become evi-
dent. Table I summarizes the results of the computer time required for
the proposed method as compared to the time required for the old MC?
routin913 (Subroutine QFJ) without the overlap effect. The time esti-
mates given in Table I include the input-output time as required by the
CHOPSUEY code but exclude the compilation time and wait time.

Fram Table I, it is clear that the proposed method is much superior
to the old subroutine not only on the theoretical ground but alsc in
terms of the computing time. The significant improvement in the algo-
rithm for evaluating the generalized J-integral discussed pr‘eviously6 is
more than enough to compensate for the computing time required for the

more rigorous treatment of the overlap effect.



Hp




TABLE I

Timing of CHOPSUEY
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sec

MC2 (QFJ)
(no overlap)

Proposed algorithms
(overlap included)
Case I
Case II

120

47
28
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100

SUBROUITNE UNGRES

["PLICIT REAL¥8 (A=Hs0=2)

REAL*4 T1,T2,T3,T4,TT0, TJs00 A-1
CUMMUN /QFJ1/ZE(A,TOT2,BETA,PS1Z»PS122,PS53
CIMMON/TRTI/TR(62,62)5T1(62,62),AIMWsAXIREWS WHYSKI
CUMMUN/H/ TEST1,TEST2sHH
CUMMUN/SEC/TUT3, T T4
CUMMON/F/AKI > DEM» 2AT»C s 0AA
CUMMON/R/ EERFC» ARG
CIMMUN/PP/ LLoLP» MU, NCSs IGEQM, NUsNOVLP
CIMMUN/DP/ X» FyGMNZsGopTHUNR,AZFRO»DsC4, ABAR,SIGPO, DZERD,

LTITLE, C35CCrYsUNRGMIUNRGSCLIC25RADSFLUXCTSCAPSFISS»SIGP

DIMENSTION X(10)» F(100),UNR(100)»TITLE(L12),Y(10),UNRGM(L00) »

LJNRG(100) coP 8

DIMENSTION XXX (1G),GN(10),GF(10)

NIMENSTON A(10,10),B(10,100)sE1(20)2E2(20)sAVGGMT(20),aVEFHAT(20) ,

XA (GTMT (20) > DUMIMY (10510%)5S1(20),E3(20),E4(20)

DIMENSION FLUXCT(INDV)»CAP(100),FISS(100) DoP 9

NIMENSION YY(10)s 4w (10) noP 11

DIMENSION GGF(1U0),GGM(L00),TZETA(L00),PPSIZ(100)5H(100),GGFF(100)
XsGGMM(100),BB(1C0),3BB(100)

DIMENSTION DUML(2510)s0UM2(5,5)50JUM3(555),DUM4(555),0UM6(5,5)

ABP (105 1) 2 VECT (10, 1),DUM5(555)55(555)

DIMENSION VECT2(10),DUMMY2(105,109), ANORM(10)»BING(10)»3INF(10),
XBINT(10)»AVT1{1u)

DIMENSTON TYZETA(L100)

DATA  YY/3,436159118,2.53273167451.756683649,1,036610829,
X,34290132725-3.435159116+,=2,5327316745~-1,756683649,~-1,036610829,
X=.3429013272/

DATA WW/+T76404328550=5,.13436457460=2»,33874394450=15,2401386110,
X.61086263375.76404326550=55,13436457460-2,,3387439445D0-1,,24013861
X1s,6108B626337/

DATA E3/413421382:1065,610775665303,.218879759502,.2928729876D1>»
X.112477309201/

nU 2 1=1sNCS poP 32
READ 100sS1G1L1sSIGM2,5MGMs GMF

FURMAT (5E12.5) noP 34

SIGP=C4+SIGIHL+S16G12 nopP 35
GFRARJ=0. nop - 36

BARJ=0. cop 37

TEARJ=0,0 nOP 38

THARJ2=0.

StG=0,

SEF=0,

SET=0,

F(i=0.

EEZ0), Rl
ETa0. nop 77
FL2=0,

F-2=0,

F12=0,

SKE=DSQRT(E(I))

DELTIN=C3/SRE/2. noP 40

11=0

Jd=0
AVIND=0,

AVINDF=0.

AVINDT=0.

AVQ=0,

Tl=TLEFT(DOD)
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944

999

911

29

DU 1 J=1,10
[F(LPNE«0Q)GD Tril 944
Gl(J)=GMNZ %SRE*X(J)

GU TO 911
tLA=RAD*SRE/4.560+2
TAU=EMU
VETMURAAAR®R2 /(1. +0AA%X%R2)
IF(MNUGGT«1)GCU TU 299
GrilJ)I=GMNZ RSRE®X(J)*V
6L O 9)1
XXX(1)=5.175533¢t -2
XAX(2)=14630645F =1
XAX(3)=2.8R4221F~
XXX(4)=44317/43E~,
XAX(5)=549921 781 =]

X2 X(6)=8.,00573E~1
KAX(7)=1.053244
X*X(B)=1.393041
XAX(9)=21.916293
XXX(10)=3,302585
GN(J)=GANZ %SRE*XXAX () %V
pil 1 K=1»10
GF(K)=GilkXY (K)
GAM=GN(J ) +GF (K) +GAGH
IETA=GAM*DELTIN
SIGI=2.6c6*GXGN(J)/ E(]1)/GAM
AETA=SIGP/SIGZ
AYIND=AVIND+1,/d8ETA
AVINOF=AVINDF+GF () /EETA
AVINOT=AVINDT+GAM/BLET A
ALAQ=GAM*DSQRT( (B TA+1,)/BETA)
AQ=AVQ+AAAQ

AL FH

FUF=TOT2

“JF2=3T0OT3
IF(NOVLPeNE.O.)GU TQ 6
TBARJR2=TBARJZ+FJF2%GAM
TESTl=(B3ETA+PSIZ)/PS1Z
IE(TEST1eGEo2,5)G T 5
[i=11+1

BUB(IT)=BETA
GGFF(11)=GF(K)
GOMM(T L) =GAM
TIZETACI1)=7ETA

GLTU 6

JisJgJ+l

BL(JJ)=BETA
GLF(JJ)=GF(K)
GGM(JJ)=GAM
T/ETA(J ) =ZETA
IF(TEST1.GE.4.5)G) TO 29
ARG=+T7071067BL*LETA

CALL RATHML
PESIZ(JJ)=,62665T)68B6%ZETA%EERFC
PSIZ22=PPSIZ(JJ)
RPP=BETA+PSIZ2
PPSIZ(JJ)=PS1Z2
AvJJ)=BPP
TRARJ=TBARJ+FJF*GAM
RaRJ=BARJ+FJF

A-2

noP
noF

o]0

noe
noP
nopP

nae
noP
nQP
nDuP
noP
npP
nQgP
ngp
noP
2pe
nge

npeP
noe

nop

noP

41
42

44

46
47
48

50
51
52
53
54
55
56
57
58

60

63
64

67

73
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130

51

9151

36

110
111

112
11

A-3

G'BARY=GFBARJ+FUF*GF (K) noP
RLRJR.OlteARJ*GhGﬂ/U
GrBARY=,01%GFBARJ/D

TUARJ=,0OL%TBARI/D

IF(NOVLP «NE,O,)0LD TG 709

AVR=.01%A,Q

AVIND=,0L157079632 7%AVINUXGMGM/D

PRINT 730,AVINUsAVQ

FURMAT(7H AVIND=D12,55,5H AVQ=D12.5)

AN GABB=AVY

PRINT 51,AVGARSK

FURMAT (8H AVGABE=)12.%)

PRINT 8,11,4J

FIURMAT (4H I1=16s41 yld=]06)

T2=1LEFT (DD)

TIU=(T1l-12)%,01

T3=1LEFY (DD)

AARING=4VIND
BARINF=,01570796327%AVINDF/D
RERINT=,01570796327%AV 0T /D
T2ARJ2=,01%TRAR,2/D

N2=TBAR 2

SEG=(RARING=BAK 1) %02
SEF=(RBARINF~GFBARJ) %02
SET=(BARINT=TBARY ) %2

P INT 9151,SEGsnEF,SET,02

FURMAT (6E12.5)

ALP=DSQRT (o 5/DELT itik®2+(1%,318309)%*%2+AVGARB%*2)
ne 36 N=1,5

SI(N)=DABS(YY(N)I/ZAaLP)

ARGL1=ST(N)
E4(N)=DEXP( 5% (.5%ARCGL/DELTIN) %%2)
EZ(N)=E4(N)*EG (V)
EL(N)=E3(N)/(E2(N)*E2("))

EL(N+5)=EL1(N)

E2(N+5)=E2(N)

E3(N+5)=E3(N)

CUNT INUE

IF(I1.EQe0)GD TL

D33 Jalasll

DU SN =15

ARGL=ST (N)
BIN2J)=142533156%EXP(=.5%GGMM(J)*ARGL)
ALCRM(N)SE2(N)%(BAB(.J) +AW(N)XE3(N)*,25%GGMNM(J)/ALP)
BP(N21)=B(NpJ)/aNJRMIN)
RP(N+551)=BP(iNs1)

ANDRM(N+5 j=ANDRM(4)

DU Ll K=1,10

IF(M«EQ.,K)GU TO 110

A(NSK)=,25%0W (K)%EL (K)RDEXP (5% (1, /DELTIN/ALP)*%2%YY (N)*YY(K)=
XDARS(YY (N)mYY(K))*,5%GGMM(J)/ALP) /ALP/ANDRM(N)*E2 (K)*GGM'(J)
L S i B

AlNpK)=].

FeKeGT . 9)60 -TO 112

SINsK)=A(NsK)

DUMB (MK ) =A(N,K)

Gu TO 11

DUMLINsK=5)EA(NSK)

CUNTINUE

CALL MAIRIX(S,DETERM»H)

74
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91
92

93

71
74
75

13

78
07

16
22

Uu 72 =12
00 93 L=1,5 e
NUM3 (M, L) =0,
DU 92 N=1,5
puM2(N,i ) =0,
DU 91 K=1,5
DUMZ (ML) =DUM2 (s L) +S(nsK)RXDUM]L (K, L)
DUM3B (Ms i) =DUM3B (s L)+DUNL(MsN)RDUM2 (N5 L)
DUM& (s L) =0UMS (Ms L) =DUM3 (ML)
CUNTINUE
CALLL MATRIX(DUMaA» DETER 125)
DL 73 M=1,5
VECT(Vs»1)=0,
U 75 N=1,10
[Fr(NeGT,.5)060 TO 74
VECT (Ms L) =VECT(Ms L) +0UMG (MaN) %3P (N, 1)
DUMBE(My ) =0,
D& 71 K=1»5
DUME (My N ) =DUME (vip 1) +DUM2 (MyK) RDUM4 (K N)
DUML(MaN+5)==DUME (M ,yH)
Gl TL 7%
VECT (ML) =VECT (s L) +0UML(MyN) %P (N, 1)
CUNTINUE
DUMMY (M, J)=VECT(M,1)
CUNTINUE
nL 76 M=1,8%
VECT2(M)=0,
pu 77 M=1,10
IF(NeGT.D)GD TO 73
VECTZ2 (1) =VECT2(M) +DUMG(i1aN)RVECT(NsL)RE2(N)*BRBB(J)/ANIRM(N)
GEIETA0N 757
VECT2(M)=VECT2(M) +DUIL(ApN)RVECT(N=5,1)%E2 (N)%BBB(J)/ANIRM(N)
CUNTINUE
DUMMY2 (M2 J)=VECT2(M)
CLUNTINUL
CUNTINUE
U 34 N=1,5
AVGGMT () =0,
AVGFMT (1v) =0,
AVGTMT(N) =0,
AVT1(N)=0,
RINGIN)=V,
BIMF(N)=0,
BINT(M)=0,
0 34 u=1,11
AVGGMT (N)=AVGGMT Cv)+NUMAY (Ny J) %2 (M)
AVGFMT () =AVGFMT () +DUNMY (N, J) %2 (1) *GGFF(J)
AVGTMT (N) =AVGTMT () +DUHMY (Ny J ) XE2 (NI XGGMM(J)
BIMG(N)=BING(N)+B(N,J)/BBB(J)
BINF(N)=BINF(N)+B (N, J)RGGFF(J)/8BB(J)
BINT(N)=BINTI(N)+B (N, J)RGGMM(J) /BRB(J)
AVTLIC(N)=A/TL(N)+DUMMY2 (Ivs J)XE2 (M) XGGMM(J)
o UNTINUE
DU 3333 M=1,5
AVGG=0.
AVGF=0.
AVGT=C.
AVTQ2=0,
AVGQ2=0.
AVFQ2=0,
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223

333

894

498
933

3333

Ly B A-5
IF(JJLEQ.0)G0 T 3

AKGLl=SI(M)

QC=D*ARGL/3,14l0

DUM= ¢ 5%ARGL/DELTIN/ 144142

ARG=DUM

CALL RATNL

ALzE4(M)=EERFC

Q=1,

nL 333 =144

TESTO= 1(J)/PPSIZ(J)

IF(TESTHeGEL25.,)G ' Tl 223
ARG=LUM+TZETA(S) /L4142

CALL RATNL

Ae=EERF(

= ,626658%TZETA(J)%*(AL+A2)
Q=1e+(PPSIZ(J)=U)/H(J)
Qes{H(J)/3R(J))-Q
Q3=2(Q-.5)%2,%BB(J)/H(J)
EEL=DEXP(=,5%GGM(. ) *ARGL)/H(J)
AVGG=AVGG+EE L %Yy

AVGF=AVGF+GGF (J) % )%EE L

AVGT=AVGI+GGM(J) *)%EF]
TH(TESTGeGEL25.)G.) [1) 333
AVGQ2=AVGQ2+Q2%EEL
AVFO2=AVFQ2+Q2%LE I %GGF (J)
AVTQZ2=AVIQ2+U2%EE LXGGM(J)
AVTQ3=AVTQI+QIREELXGOM(J)

CUNTINUE

IF(IIGT.MGOD TL 9

AVGGMT (M) =0,

AVGFMT (M) =0,

AVGTMT (1) =0,

BING(M)=0,

BRINF(M)=0,

BINT(M)=0,

AYTL(#)=0,

OQVLG=. QI *(AVGG+AVSGMT () %*,7978836)%CMGM
OVLF=,0L%(AVGF+AVOFMT (M) *,7978836)
DVLT=, 01 ¥ (AVGi+AVSTMT(M)%,7978836)
OVLG2=,CLl%(AVEQ2+ +797B836%(BINGIM)=AVGGMT(M) ) )%*GMGM
OVLF2=,0Ll*(AVFQ2+.T7978336%(BINF(M)=AVGFMT(M)))
NilT2=2,0L%(AVTQ2+,7978836%(BINT(M)=AVGTMT(M)))
OVLT3=,0Ll%(AVTR3+,.7978636%AVT1I(i1))
IF(QU.GTe2,)GL 7O 498
FDYSON=(1.=QQ+,5%QQ*DLOG(1.+0Q))

Gl TO 933
FOYSUN=,5%Qu*DLUG((1.+GQ)/(QQ=1.))=1,
NDUM=WW (M) *OVL T®FDYSOMREL (M) *2,/0
FOG=FG+0VLGRDUM

FlhzFrH+OvLF%OUN

FisFT+0yLT*QUN

NuUMM=Wi (M) ®0VLT3%FNYSON®EL(M)%2,./D
FG2=FG2+0UMMXCVLG2

Fr2=sFF2+00UMMXVLF2

F12=F12+40UMI*0VLT2

CONTINUE cop
NVERLG=(+5=FG2)%*,3927/ALP

OVERLF=S(FF=FF2)%.3927/ALP

NVERLT=(FT=FT2)%,3927/ALP
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709
14
701

102

13

CrG-DaARg TTBARNG =50 OVERLG
OVF=GFBARJ®TBAR.I=SEF=CVERLF

IVT=TBARJRTEAR J=SET=UVERLT

OrIiNT 9151:FG;FGZ;DVEKLu,FFJFFZ;QVERLF
IF(OVG.GT,0,)50 T 1é&

D'fG:o-

IVF=0,

':"IT‘OQ

PRINT 701,0VG,0VF,0OVT

FURMAT (5H OV6=012,5,5H UVF=Pl2,555K DYT=D12,5)
PRINT 7025BARJ»GFHARY, TBARY

FURMAT (6H BARJ=ELZ.5,8'f GFBARJ=FEL12,557H TBARJ=EL2.5)
URRGM (L) =UNRGM(I)+SIGP%BARY

T4sTLEFT(DD)

TIO=(T3-14)%,01

PRINT 13,TTJs1TO

FLURMAT(5H TTJ=ELl2.5,5H 1TO=EL1l2.5)
UERGOL)=UNRG(])+SIGP*GFRARY
FLUXCT(1)=).-(TBA2J=-CVT)
C.PCI)=CAP(I)+SIGP¥(RARJ=0VG) /FLUXCT(])
FISSCI)=FISS(I)+SIGP*(GFBARY=IIVF) /FLUXCI(])
CuUNTINUE

®t TURN

EnD

SURRULT[NE FH

IMPLICLY REAL*H (A=H»0=2)
COMMON/TRTI/16(62,62)5T1(62,62), AIMWIAXIREWSWHY K]
CUMMUON/R/TEST1,TEST2sHH

COMMUN /QFJL1/ . eTA-TCT2,BETA,PSTI2,PS122,PS3
CUMMIIN/R/ EERFCsARG

CUMMUN/F/AKL» DENSRAT»Cs AAA
CUMMUN/SEC/TUT3,TuT4

DUMENSTIiIN ZLP(B)

DIMENSIUN RAT(10)»AKT(1U)»DEM(10)

DIMENSIAN ALP(S)

DIMENSLION ANC1IO)»FM(10)

DATA AN/ «16666675.3333333D-1,,.7142857D-2,,15873020=2>»

X.36075040=3,.83c50080-4/

NATA BM/«1666661712.555555560-15,12345680-1,,20576130~2>»

Aal7434840~3,.30483160=-4/
NATA ALP/.9848N/753C».5060254038,,6427876097,,3420201433/
DLTA ZLp/ 222931566425 ,4647231720,.6631226582,,8229953658»

X.9350162426,.9927088740/

Klal

WriY=e 5% /ETA

ARG=WHY

CALL RAINL
PS12=.8R62269%ZCTL*EERF(
H=RETA+PS1Z

TESTLl=H/PSIZ
AINTZ=,5/TEST]

ASQ=AAARRD
FRCTES IS GEs15.)-611 T 100
1F(ZETA.GT.2.5)60 TO 20
IF(TEST]l «GE.%+5)GlL TO 109
IF(BETA.GE..OLH)GI TO 2
IF(2ETa,.GE.e3)GU VO 20
BLVPSI=BETA/PSIZ
IF(BOVPSI,GE..2)G) TN 2
RE=h.%(1e8971+0DLOG(1+,/532929%7ETA/BETA))/ZETA%%2

noeP
noe
napr

el

ngeP
noP
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TEST2=RR*BETA
ITH(TEST2+.GT..03)6L TO 4

Gl TU 20
2NCE8/ZETA
G2 TU 3

I E ST e 1T 02 G ‘T L
FnC:l.*.Ole*(aFiA-.00128)/(BETA*.OOIZB)*.OB*BOVPSI
C=e8292%DSQRV( B)*FA(C
Gi. 10 3

11 C=.T7071%DSQRT (BB+(1,+BETA)/BETA)

3 TuTZ2=0,

TLT3=0.

TUT4=0,

nh 1 [=1s,6
AX=WHY*ZLP (1) *C/DSQRT(Le=ZLP (1) %%2)
CLLL QUICKW

PS1=,8862269%/ETA%REN
ARI(1)=,8862269%ZcTA*AIMA
DEN(I)=RETA+PSI

RATCL)=PST/DENCI) /(1e=2LP(])%%2)
TLUTI=TOT34RAI (I)*2ETA/DEN(]T)
AKTSQ=AKT (1) *%2%AS8(

TUT4=TOT4+ (AKLISCG/ (DEN(1)%%2=-AK]5Q) )*RAT( )

L TUTZ2=TO2+RAT(])

TUT2=TOTZ2+AINI2Z
TUT2=TOT2%C*,2416609733
TuT3=TOT3¢AINTZ*(1,~1,/TEST1)
TOT3=TUT3%C*,2416009733
TOT4=T)14%C%,2416506733
RETURN

100 ARG=.T707106781%ZE|A
CalL RATNL
PSI12=.6266570686%ZETA%EERFC
Hri=BETA+PSI22
1272=1.57079632681 /HH
[LUT3=TUT2%BETA4A/HH
I=2ETAXZETA
1F(2ZETA,GT42.5)G0 TO 23
ARG=+40824829%ZETA
CALL RATNL
PSI123=,7236021%2E 1 A¥EERFC
$S=0,
SumM=0,
Teme=1,
oL 22 I=1,6
TEMP=TEMPXZ
SUM=SUM+BM(] ) *TEMD
S=S+AN( L)% (SUM+.25)

22 CUNTINUE
S=S+.25
7EX=2,1708037%ZeTAXDEXP(Z/6,)
PS3=(PS|Z2%(3,%PS1Z23~ZEX)+1,5%2%S5)*1,5707963281
Gil TD 24

23 TAUTHZ=,66666661%]
El=({ IWOTHZ®(TWNIHZ+2.334733)+,250621)/(TWOTHZ*(TWOTHZ+3.330657)+
Al.681534)
Hl=la.=El
HZale5/2-Hl
H3s5,/(2%2)=1,1111111%H2
H4=26,25/(Z%2Z*7)=1.166605657%H3
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24

33

20

PS3=,56904B62%EL=(Hl-H2+H3-H4)*,39269908

TUT4=,3333333%A5Q#PS3/ (nH¥HH*HH)
LF(TEST1eLT.15,)60 TC 33
RETURN

TUTZ=10T24(PS3-PS122%PS172%1.5707963281 )/ (HH%HH*HH)
TUT3=TOT3%(1.+3.%(,6366132837%PS3-PSI22%PS122)/(HH%AHH))

TuT4=,3333333%A5Q%PS3/ (HAXHH%*HH)
AETURN

(= 7L71%DSQRI( (1 +RETA)/3ETA)
T'i72=0.

T.1T3=0,

TUT4=0.

Nt 7 1=1s4

AX=WHY*ALP (] )*(C/D~QKkT(Ll.=ALP(1)%%2)
CALL QUICKW
PSI=eBB8R2269%/ETA®RL A
AKI(]1)=,8862269%2 - TAXATIMYW
DEN(L)=3ETA+PS]
RAT(LI)=PST/DEN(L)/(Le=ALP(])%%2)
TUT3=TUT3+RAT (1)*3ETA/DEN(T)
ARKISQ=AK | (1) *%2%A%0
TUTG=TOTA4+(AKTIST/(DEN(] ) %%2=AK[5Q))%RAT(I])
TLTZ2=TATZ2+RAT ()

(UT2=TOT2+AINTZ
TuT2=TOI2%C*.34900558504
TUT3=TOT3+AINTZ% (1 ,=1,/TESTL)
TITA=TOT3%C*,3450:58504

T 14=TOT4%C*,3450.58504

RETURN

Euh
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